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The mechalfism of the overheating instability of magnctobydrody- 
,~amic flows is as follows. If the electrical couductivil} of the 
medium depends on the temperature, then a small local increase in 
temperature may lead, under specific conditions, to an increase in 
liheratiou of Joule heat energy, to a further temperature rise, and so 
to instability. 

Tile overheatiirg instability has been studied before (1, 2) for a uni- 
form unperturbed temperature and without ac~Jount for the effect of 
the boundaries of the region. It has been discovered that the growth 
i~crement of the disturbances increases as th e wavelength increases. 
However, it is clear that heat conduction through the boundaries of 
the region occupied by the conducting medium may effect the 
dcvelopmcnt of perturbations, prima rily of long wavelength per- 
turbations. Below we will examine the simplest problem of the 
stability of temperature distribution for an electric discharge ill a gas 
between two planes. 

We will  c o n s i d e r  the flow of an i n c o m p r e s s i b l e  

medium with cons tan t  ve loc i ty  V = exU (it may be 
taken as ze ro  in the app rop r i a t e  coord ina te  sys tem)  

be tween two flat  e l e c t r o d e s  y = ~:L, on which Constant 
t e m p e r a t u r e s  and e l e c t r i c  potent ia ls  a r e  mainta ined.  
I,et such a t e m p e r a t u r e  d is t r ibu t ion  be a l r e ady  a t -  
tained in the flow so that al l  the Joule  heat  is c o n -  
ducted away through the walls  and the t e m p e r a t u r e  
does not v a r y  in tLe d i r ec t ion  of the flow. Such an 
a s sumpt ion  may  be made  if the length of the e l e c -  

t rodes  is much l a r g e r  that  a c e r t a i n  quanti ty d e t e r -  

mined  by the channel  width, the t h e r m a l  conduct iv i ty  
and the flow veloc i ty .  We sha l l  neg lec t  the ef fec t  of 

the magnet ic  f ield on the e l e c t r i c  c u r r e n t  p e r t u r b a -  
t ions under  cons ide ra t ion ,  so that  the ins tab i l i ty  will  

be of a pu re ly  " t h e r m a l "  na tu re  and wil l  not be c o n -  
nected with pe r tu rba t ions  of the f i e l d  by ve loc i ty .  
The in s t ab i l i t i e s  s t i l l  have this  c h a r a c t e r  even in 
the p r e s e n c e  of a un i fo rm magne t ic  f ield,  when we 

c o n s i d e r  pe r tu rba t ions  with a wave v e c t o r  k p e r p e n -  

d i cu l a r  to the d i r ec t i on  of the field.  Actual ly ,  in  this 

case 

rot (j • It) = ( t { ~ ) j - -  H d i v j = 0 ,  

and the magne t i c  f o r c e s  only lead to a r ed i s t r i bu t ion  

of p r e s s u r e  in the medium.  
The t e m p e r a t u r e  of the unper tu rbed  flow To is 

d e t e r m i n e d  f rom the equat ion 

d~To I ~ 

d , 7  == ~ (T, ,)  ' 

L 
(hi)--1 (" ",, ). (i) 

i l e r e  • is the cons tan t  t h e r m a l  conduct iv i ty ,  a0 
is the e l e c t r i c a l  conduct iv i ty ,  j is the unper tu rbed  

c u r r e n t  densi ty ,  2q~ e is the d i f fe rence  of e l e c t r o d e  
potent ia ls .  

One can show, using Maxwel l ' s  equat ions  and 
Chin 's  law and making s imple  e s t i m a t e s ,  that if  the 
quant i ty  L2a/wc 2 (where w is the c h a r a c t e r i s t i c  f r e -  
quency of the problem)  is much less  than unity, then 
the pe r tu rba t ions  of the e l e c t r i c  f ield E = XT~0 p o s -  
s e s s  a potentia  1. The equation for  ~ is obtained 
f r o m  the equation div j = 0 and Ohm' s  law j = aE. 
The second equation of the p rob lem (as r e g a r d s  
t e m p e r a t u r e )  comes  f rom the ene rgy  equat ion.  

We shal l  in t roduce  the fol lowing d i m e n s i o n l e s s  
quant i t ies  (the p r i m e s  will  hencefor th  be omit ted) :  

t , y x / L  
t' = pc,'~L'~ ' y = : - s  , . Z =  ~ - , .  ] = c p ~ - f ~ ,  

To Ps , 
T0'= ~!'~' a~ ' -  • ~ = : ~ - '  ~ ~  

T 
T* ' 

~T* 

Here  ~r* = ~(T*) i s some  c h a r a c t e r i s t i c  value  of 
the conduct ivi ty ,  and T* the c o r r e s p o n d i n g  t e m p e r a -  
ture .  Equation (1) and the l i n e a r i z e d  equat ions  f o r  
the f luctuat ions  of t e m p e r a t u r e  T and potent ia l  ~0 
then a s s u m e  the fo rm 

1 

--1 
OT / '~T § 2 O] , ,~ T d~ 
"bY == - j ~ - a - ~ j . : f T -  , T (-y 1) = O, (3) 

a , at 4 T <z~ (4) 

For simplicity, in equations (2)-(4) it is assumed that 

a = o [To (g)], d z  / d T  = (da / dT)T=Tjvl. 

We note that  the two f inal  t e r m s  of (3) r e p r e s e n t  
the pe r tu rba t ion  of Joule  heat  l ibe ra t ion ,  and the 

e x p r e s s i o n  in p a r e n t h e s e s  in (4) r e p r e s e n t s  the 

components  Jx and jy of the pe r tu rbed  c u r r e n t  d e n -  
s i ty ,  r e s p e c t i v e l y .  

Sys tem (2), which d e t e r m i n e s  the s t a t i ona ry  t e m -  
p e r a t u r e  prof i le  in the channel ,  can always be s o l -  
ved in quad ra tu re s .  S i m i l a r  non l inea r  p r o b l e m s  
(but without the in t eg ra l  f ac to r  on the r igh t -hand  

s ide)  a r i s e  i n t h e  theory  of t h e r m a l  breakdmwn of 
d i e l e c t r i c s  [3], the theory  of t h e r m a l  explos ion  [4], 
and in the  inves t iga t ion  of Couet te  flow \xith v a r i a b l e  
v i s c o s i t y  [5]. Employ ing  f a m i l i a r  methods ,: expla ined 
for  example  in [5] ,  we can Show that an i n e q u a l i t y  
of  the f o r m  m(Tm)  -<. a 2 -< M(T m) is val id  for the pa-  
r a m e t e r  a0 2, whe re  T m = T0(0) is the m a x i m a l  t e m -  
p e r a t u r e  and the f o r m  of the funct ions m(Tm),  M(T m) 
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is d e t e r m i n e d  by th e funct ion or(T). In pa r t i cu l a r ,  the 
funct ion M(Tm) - -  0 for T m ~ ~, if cr i n c r e a s e s  suf-  
f ic ien t ly  r ap id ly  as T i n c r e a s e s ,  and consequen t ly  
a0 2 is bounded f rom above and also fa l l s  off to zero for 
T m ~ oo. This  a lso means  that the solut ion of p r ob l e m 
(2) exis t s  only for va lues  of a0 2 l e s s  than some c r i t i c a l  
va lue .  The g r e a t e s t  poss ib le  va lues  of a0 2 for c e r t a i n  
funct ions  or(T)are  found in [3, 6]. 

We sha l l  f u r t he r  c o n s i d e r  p a r t i c u l a r  so lu t ions  
of the s y s t e m  (3), (4), having the fo rm 

r = 0 (y )  e ikx-'~'t, / = ~ (y )  e ikx-7't . 

We shal l  then have for  the funct ions O, f ,  

The in tegra l  on the r igh t -hand  of (12) d e t e r m i n e s  
the pe r tu rbed  c u r r e n t  dens i ty  jy c o r r e c t  to a eoe f -  
f icient .  

Keeping in mind Eq. (12), we obtain 

0,, .~_ (~, To" ~ 0 ~_ 2To" i To" 
To'] To'(1)----Yo'(--I) ~7-dOdy = 0 (13) 

--1 

f rom Eq. (8), or  

--1 --I 

0 (~: i) = o .  (14) 

0"+ (~'~ 7r ~ - a , + ~ ) 0 + 2 , '  = o, (5) 

t da^V ( ~ , ' ) ' - k ~ : ,  + ~-~ (~-~-u) = 0, (6) 

0 (4=_1) = 0, xp (@1) = 0. (7) 

This  boundary  value p rob lem will  not be H e r m i -  
t ian  in the genera l  case.  

In accordance  with (10), (11) and the r e m a r k  made 
above, we need cons ide r  only even and odd solut ions  
of Eq. (13). Its las t  t e r m  is zero for odd so lu t ions ,  
so that 

In s t ab i l i ty  inves t iga t ions  we may  cons ide r  the 
funct ion T o (y) and d e t e r m i n e  the c o r r e s p o n d i n g  flmc- 
t ion a(T0) f rom Eq. (2). 

E x p r e s s i n g  the coeff ic ients  in (5), (6) in t e r m s  
of To, we find 

TO m 
o " +  ( ~ - k ~  + >70 ) 0 + 2 , '  = 0, (8) 

(~To")*" " + (~ Ygo'~?;JT~ ~' __ }~ ~ = 0. (9) 

T h e  p rob l em cons i s t s  in finding, for given T0(Y ) 
and k, such values  of X for which there  exis ts  a non -  
t r i v i a l  so lut ion of Eq. (8), (9) s a t i s fy ing  boundary  
condi t ions  (7). In this connect ion ,  the value of X 
with the s m a l l e s t  r ea l  par t  is of the g rea t e s t  i n t e r -  
est .  

If the s y s t e m  (8), (9) has a so lu t ion  @ (y), r (y) 
for  a some 2,, then @(-y), - r  is a lso a so lu -  
t ion c o r r e s p o n d i n g  to the s a m e  2~. Thus ,  when one 
p a r t i c u l a r  so lu t ion  c o r r e s p o n d s  to a given )v 

e i t he r  O(--y) = 0(y), ~ ( - - y )  = ~ ( y ) ,  (10) 

or  O ( - - y ) = - - O ( y ) ,  ~P (--y) = ~P (y). (11) 

If the re  a re  s e v e r a l  p a r t i c u l a r  so lu t ions ,  then 
they may  always be chosen so that one of the Eq. 
(10), (11) is sa t i s f ied .  

We shal l  t r ea t  the p rob l em under  cons ide ra t i on  
in two l i m i t i n g  e a s e s - - f o r  v e r y  l a rge  and for  ve ry  
s m a l l  wavelengths .  

Smal l  values  of k c o r r e s p o n d  to la rge  wave-  
lengths .  * Neglec t ing  t e r m s  in (8), (9) con ta in ing  
k 2 and in t eg ra t i ng  {9) with bounda ry  condi t ions  (7) 
taken into account ,  we find 

To'" 0 q To" i To" 
tp - T~," To'(D--To" (--I) .j -T-d Ody"  (12) 

--1 

/ To" 0" ~- ls (~: 1) (15) y j )  0 = 0, 0 = 0. 

This  p rob lem is H e r mi t i a n  and all  its e igenvalues  
;t a re  rea l .  F o r  ~ = 0 the only odd so lu t ion  of (15) 
is @ = To'. In view of Eq. (2) and the inequal i ty  a -> 0, 
we have T~(1) < 0. Thus,  for @(1) to vanish,  we mus t  
have X > 0. 

Thus,  all  odd pe r tu rba t ions  a re  uns tab le  and decay 
exponent ia l ly  with t ime.  

It is imposs ib Ie  to c a r r y  out an inves t iga t ion  of 
s t ab i l i t y  in the genera l  fo rm for even solut ions  of 
Eq. (14). 

In what follows we sha l l  confine ou r se lves  to two 
p a r t i c u l a r  cases  of conduct iv i ty  as a function of 
t e m p e r a t u r e ,  when 

(T) = Ae ~T (A, ~ = const), (16) 

o r  

6 ( T )  -- ~ B - - T  (B, ~=const)- (17) 

When ~(T) is  d e t e r m i n e d  by Eq. (16), T ~ / T ]  = 
= -fiT0" and p rob lem (14 )becomes  Hermi t i an .  All  
its e igenvalues  a re  r ea l  and for  a 0 = 0 posi t ive.  On 
va r i a t i on  of the p a r a m e t e r  % the passage  of one of 
the e igenvalues  2, through zero c o r r e s p o n d s  to the 
t r a n s i t i o n  to ins tab i l i ty .  

We shal l  show that if  a s imple  e igenvalue  )t pas - 
ses  through zero for  some value of a p a r a m e t e r  
when the p a r a m e t e r  is  va r ied ,  then for the p u r -  
poses of so lv ing  Eq. (2) this value c o r r e s p o n d s  to 
a b i fu rca t ion  point,  and, on the other  hand, h = 0 
c o r r e s p o n d s  to a b i fu rca t ion  point. It follows f rom 
Eq. (2) that the d i f fe rence  of the two so lu t ions  O = 

= T - T O sa t i s f i e s  the equat ion 

*We can show that in this ease  the inves t iga t ion  is 
val id  for  a c o m p r e s s i b l e  med ium also. 

--t 

t i dy 1-2~ 
--1 

We shal l  in t roduce  a p a r a m e t e r  which c h a r a c -  
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t e r i ze s  unambiguous ly  the solut ions T O which are  
be ing  inves t iga ted  for  ins tabi l i ty .  The max ima l  t e m -  
pe ra tu re  T m = T o (0) may  be chosen as such a p a r a -  
mete r .  If Eq. (18) is fu r the r  t r a n s f o r m e d  into an 
in tegra l  equation, taking @'{y) as the new unknown, 

we may  make use of t heo rems  contained in [7]. 
We shal l  cons ide r  the following equat ion:  

~t0" ~2 d~ 0-4- 2~ I i d~0d \ ~ 

--1 --1 

0 (~: l) ---- 0, (19) 

together  with Eq. (18). 
Here a and d(r/dT depend on T O (y). Fo r  p = 1 Eq. 

(19) is the r e s u l t  of l i n e a r i z i n g  (18) and coincides with 
(14), if we se t  2~ = 0 in the la t te r .  If the s imple  e i g e n -  
value ~ of p rob lem (19) passes  through uni ty  at the 
point  T m = Tm* on va r i a t i on  of T m, then on the 
ba s i s  of T h e o r e m s  2.1, Ch. IV, and 4.7, Ch. II, of 
[7] we may  conclude that  T m = Tin* is a b i fu rca t ion  
point  of the solut ions  of Eq. (18). The t r ans i t i ons  of 

through unity (in p rob lem (19)) and of ~ through 
zero (in p rob lem (14)) come about s imul t aneous ly .  

In o rde r  to show this let  us suppose that T m differs  
l i t t le  f rom Tin*, so that (14) and (19) may  be w r i t -  
ten  in the fo rm 

L0 ---- AL0 - -  ~.0, L0 = AL0 --  (~t -- t) 0", (20) 

fl < 0 the solut ion of Eq. (2) is always s table ,  and for  
fl > 0 s table  only for T m < Tm*. F o r  T m > Tin* the 
t e m p e r a t u r e  d i s t r ibu t ion  is uns table  with r e spec t  to 
s y m m e t r i c  pe r tu rba t ions  of la rge  wave length. 

We shal l  now t r e a t  the same  prob lem for  a h y p e r -  
bol ic  law of conduct ivi ty  va r i a t ion  (17). It follows 
f rom Eq. (2) that 

To" B - -  T w 
To" ~ ~2, To = B ~ ch BY- (22) 

Set t ing these  expres s ions  in (13), we obtain 

)r ~s c h  ~y __ 
O"+(~'--lz~)O+' sh~ -.o, 

0 ( ~ t ) - ~ o  ( J ~  i o @ = i ) .  
--1 

(23) 

Since only those solut ions  of (23) which are  even 
with r e spec t  to y are  of i n t e r e s t ,  and, m o r e o v e r ,  
only those in which the in t eg ra l  in  the th i rd  t e r m  is  
nonzero ,  we may no r ma l i z e  O making  the addi t ional  
r e q u i r e m e n t  that J = 1. 

The solut ion of p rob lem (23) which sa t i s f i e s  the 
boundary  condit ions has the form 

~ cth ~ (cos a2 ch 8y 
0 = ~ ~ cos a ch ~ ] (a~ = ~-- ~0-). (24) 

where  L is an opera to r  c o r r e s p o n d i n g  to T m = Tin*,  
AL is a "pe r tu rba t ion"  of the opera to r  caused  by 
va r i a t i on  of Tm.  Equat ions  (20 )a r e  solvable  if the i r  
r ighthand sides are  or thogonal  to the e igenfunct ions  
of the opera to r  conjugate with L, and in the given 
case  co inc ident  with L. Thus,  for  T m c lose  to Tm*,  
we have 

~" I 02dy = (l--~) O'2dy. (21) 
- - 1  - - 1  

The condi t ion J = 1 for  a or ~ gives the equat ion 

2~Scth~a ~-[-~ (tga th3) = I .  (25) 

Whence, a f ter  s imp le  t r a n s f o r m a t i o n ,  

tga -- 3B ~ + a~ 
a 2~* th ~. (26) 

It follows f rom Eq. (21) that the t r a n s i t i o n  to i n -  
s t ab i l i t y  (passage of )t through zero) is a s soc ia ted  
with the b i fu rca t ion  of the solut ions  of Eq. (2). As 
inves t iga t ion  of Eq. (2) shows, the b i fu rca t ion  point 
of i ts  so lut ions  unde r  condi t ion (16) is the only 
point  [3] of a m a x i m u m  of the funct ion a0(Tm) which 
exis t s  for fl > 0 and is  absen t  for /3  <_- 0. If fl > 0, 
then the re  a r e  two solut ions  of p rob l em (2) for  s 0 < 
< ~0(Tm* ), and for  s 0 > a0(Tm*) no so lu t ion  ex i s t s ,  
whence i t  follows [7] that  the indices  of the r e s p e c -  
rive fixed points of the vec to r  f ields co r r e spond i ng  
to Eq. (2) in the Banach space of the funct ions O" 
have opposi te  s igns ,  and thus when T m is va r i ed  the 
quant i ty  p passes  through uni ty  at the po in t  T = Tm*,  
and 2~ passes  through zero,  in accordance  with that  
has gone before .  Since the t e m p e r a t u r e  d i s t r i bu t ion  

T O (y) is known to be s tab le  for  va lues  of a 0 close to 
zero ,  i t  follows f rom the explanat ion  jus t  given that 
i t  wil l  be s tab le  for  T m < Tin* and uns tab le  for  T m > 
> Tin*.  However,  if fl < 0, so that  s 0 (T m) is a m o n o -  
tonis  funct ion,  then the t e m p e r a t u r e  d i s t r i bu t ion  
T0{Y ) wil l  be s table  for any value of Tm.  Thus  for 

The l a t t e r  equat ion has ex t raneous  roots  a = 
= • s ince the t r a n s i t i o n  f rom (25) and (26) involves  

mul t ip l i ca t ion  by a ~ + fi2 
F o r  fi ~ 0 a l l  roots  a n of Eq. (26) which do not 

tend to zero  a re  r ea l  and l ie in the neighborhood of 
the n u m b e r s  an0 = ~(n - 1/2) (I1 = 0, +1, • . . . .  ), 
mak ing  tg a inf ini te .  Expanding the le f t -hand side 
of (26) in a s e r i e s  in a, i t  is not  diff icul t  to ve r i fy  
that this  equat ion does not have roots  other  than 
a = • tending to zero  for fl ~ 0. We shal l  now 
t r a c e  how the roots  of (26) v a r y  with va r i a t i on  of 
ft. As a r e s u l t  of the cont inuous dependence of (26) 
on fl no new root  can a r i s e  at a f ini te  point  of the 
complex  plane a when fl is var ied .  It is a lso  easy  to 
see  that no new roots  can  come f rom inf ini ty .  Thus 
it  suff ices  to inves t iga te  the behav io r  of the roots  
an as fl i n c r e a s e s  f rom zero.  The roots  a n a re  r e a l  
for  n > 1 and l ie in the i n t e r va l s  [an0-Tr//2, an0], and 
the va lues  of ;t c o r r e s p o n d i n g  to them a re  posi t ive.  
The root  a 1 belongs  to the i n t e r c e p t  [0, al0 ] only for 
fl < fl*, where  fi* is the root  of the equat ion 3 th fi = 
= 2ft. The root  a 1 becomes  zero  for  fl = /9*, and for 
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B > fl* a p a i r  of  i m a g i n a r y  roo t s  ~ a p p e a r  a = + ir 
If we se t  a = i)< and w r i t e  Eq. (26) in the  f o r m  F(X, 
fl) = 0, then F(fl, fl) = 0, F~(fl, fl) > 0, Fxxn(fl, f l )>0 .  

Consequent ly ,  the roo t  of the equat ion  F ()< ,fl) = 0 
c l o s e  to fl and s p e c i f i e d  a p p r o x i m a t e l y  by  the f o r -  
m u l a  

2F• (~, [3) (27) 

i s  a lways  l e s s  than ft. S ince  i t  is  z e ro  for  fi = fl*, i t  
i s  c l e a r  that  fl fo r  any fl > fl* and )<1 ~ fl as  fl i n -  
c r e a s e s .  F o r  fl >> 1 we find X1 ~ fl - 2fi2/3 ch B, 
mak ing  an a p p r o x i m a t e  ca l cu l a t i on  of the  r i g h t  hand 
s ide  of (27). 

P o s i t i v e  va lues  of ~ a l so  c o r r e s p o n d  to the i m a -  
g i n a r y  roo t s  + i• 

;~ = ~e -t- a ~ = 1~ - -  Xt ~ ~ 4~ a / 3 ch ~ J]. (28) 

This  p r o v e s  tha t  fo r  the hype rbo l i c  funct ion (17) 
the s y s t e m  is  s t a b l e  with r e s p e c t  to v e r y  l o n g - w a v e -  
length  p e r t u r b a t i o n s .  

The r e s u l t s  we have obta ined ,  and the ana log ie s  
with o t h e r  p h y s i c a l  phenomena  quoted above,  a l low 
us to suppose  tha t  i n s t a b i l i t y  with r e s p e c t  to l o n g -  
wave leng th  p e r t u r b a t i o n s  in  the  s y s t e m  under  c o n -  
s i d e r a t i o n  a p p e a r s  in the  c a s e  when the conduc t iv i ty  
i n c r e a s e s  with an i n c r e a s e  in t e m p e r a t u r e  so  f a s t  
tha t  ~0 (Tm)--* 0 f o r  T m --* ,% i .e~ when the s o l u -  
t ion of the  s t a t i o n a r y  p r o b l e m  is nonunique fo r  
~0 < ~* and does  not  e x i s t  fo r  ~0 > ~*. 

An i n s t a b i l i t y  a n a l y s i s  in the  c a s e  of s h o r t - w a v e -  
length  p e r t u r b a t i o n s  is  c o n s i d e r a b l y  m o r e  complex .  
A r e l a t i v e l y  s i m p l e  i nves t i ga t i on  m a y  be made  only 
in  the c a s e  when k is  su f f i c i en t ly  l a r g e ,  so  tha t  we 
m a y  n e g l e c t  the f i r s t  t e r m  in Eq. (9) in c o m p a r i s o n  
with the  l a s t .  If (17) and (22) hold,  then we have 

o ( ~ : ~ ) = o .  

2~4 ) 
+ ~2 k2 ch* ~y 0 = 0, 

e l i m i n a t i n g  r f r o m  (8) and (9). 

l i t  m u s t  be  kept  in m i n d  tha t  fo r  r e a l  a both 
p a r t s  of (27) a r e  even with r e s p e c t  to a, and so  a p a r t  
f r o m  the r o o t  a~ t h e r e  a l so  e x i s t s  a r oo t  a 0 = - a  t 
which a l so  v a n i s h e s  fo r  fl = fl*. It is  c l e a r  tha t  X > 
> 0 c o r r e s p o n d  to the  r e m a i n i n g  nega t ive  roo t s .  

In t roduc ing  the new v a r i a b l e  ~ = O (chfiy) 2+k 2/~2, 
we obta in  

9" § (X 6 - -  --~/~y) ~ o, 

~(4-1) = o, 8 = --g- (-O- + + - 0 - )  

f r o m  (29). 
The so lu t ion  of Eq. (30) m a y  be r e p r e s e n t e d  in 

t e r m s  of e l e m e n t a r y  funct ions and so  inves t iga ted ;  
however ,  t h e r e  is  no need  for  th i s ,  s i n c e  for  k >> 
>> 1, f l ~  l w e h a v e 5  ~ f14/k2 << 1,)< ~ X - k  2. 
Consequent ly ,  the s m a l l e s t  e igenva lue  of X is  p o s i -  
t ive  and equal  to k 2 i n  o r d e r  of magni tude .  Thus the 
t e m p e r a t u r e  d i s t r i bu t i on  in th is  c a s e  is  s t a b l e  not 
only  with r e s p e c t  to l o n g - w a v e l e n g t h  p e r t u r b a t i o n s ,  
as  was shown above,  but a l so  with r e s p e c t  to s h o r t -  
wave length  p e r t u r b a t i o n s  with k >> 1. 
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